We show the weak-strong uniqueness property for the compressible Navier-Stokes system with general non-monotone pressure law. A weak solution coincides with the strong solution emanating from the same initial data as long as the latter solution exists.
Introduction
Let Ω ⊂ R N , N = 1, 2, 3 be a bounded Lipschitz domain. The Navier-Stokes system desribing the time evolution of the density ̺ = ̺(t, x) and the velocity u = u(t, x) of a compressible barotropic viscous fluid reads:
∂ t ̺ + div x (̺u) = 0, (1.1) 2) where the viscous stress is given by Newton's rheological law
We consider the no-slip boundary condition u| ∂Ω = 0, (1.4) and the barotropic pressure law p(̺) = a̺ γ + q(̺), q ∈ C
• the integral identity • the integral identity
• the renormalized equation of continuity holds, meaning, the integral identity
• the energy inequality
As ̺ satisfies (2.1), (2.3), we get
whence it follows from (2.4) that
Relation (2.5) holds for any t ∈ [0, T ] due to the weak lower semi-continuity of the functional
Our goal is to show the following result. 
The rest of the paper is devoted to the proof of Theorem 2.1.
Relative energy
Following [7] (cf. the standard reference material by Dafermos [3] ) we introduce the relative energy functional :
where
Note that E ̺, u r, U is well defined as soon as [̺, u] is a dissipative weak solution and R and U are arbitrary continuous differentiable functions satisfying the natural compatibility conditions
Using the weak formulation (2.1-2.5) we deduce easily
and
cf. [7] . Summing up (3.3-3.5) we obtain the relative energy inequality
for any τ ∈ [0, T ] and any r and U satisfying (3.1).
Weak strong uniqueness
We show Theorem 2.1 by considering the strong solution [r, U] as test functions in the relative energy inequality (3.6).
• Step 1 We write
we deduce from (3.6)
• Step 2 Using the relation p(r) = ar γ + q(r) we may regroup terms in (4.1) obtaining
As both u and U satisfy the no-slip boundary conditions, we have
and, consequently,
Thus we may infer that
we obtain, after a simple manipulation for which we refer to [7] ,
where we have denoted h(̺) = a̺ γ . Consequently, (4.2) reduces to
(4.3)
• Step 4 Finally, we introduce a cut-off function Ψ ∈ C ∞ c (0, ∞),
where δ is chosen so small that
Moreover, for h ∈ L 1 ((0, T ) × Ω), we set
It is easy to check that
Consequently, we get
Similarly,
for any δ > 0, where, by means of the Poincarè inequality, u − U Aplying Gronwall lemma we complete the proof of Theorem 2.1.
Concluding remarks
The hypotheses concerning the pressure law can be relaxed, in particular, we may handle the pressure satisfying the hypotheses of [4] . The result can be extended to the class of measurevalued solutions in the spirit of [6] . The method, however, cannot be extended to the Euler (inviscid) system as the presence of the viscous damping plays a crucial role in the proof.
